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Research Obioore————mN\\\

Research Objects

fﬁin—walled Volumetric

elastic inclusions
Cracks

or rigid of any
inclusions shape

v

Mathematical modeling of elastostatic problems
for particulate and fiber-reinforced composites

problems

POTENTIAL THEORY

- build the universal fundamental solutions for classical boundary
value problems of fracture mechanics

Z BOUNDARY INTEGRAL EQUATION METHOD

reduced problem-dimension;
easy satisfy the boundary conditions;

effective modelling of 3D fracture mechanics problems in the
infinite and half-infinite solid.

r BOUNDARY ELEMENT METHOD

- effective discretization procedures for crack-like defects, thin
interphase layers and imperfect bonding conditions between the
composites constituents.

' EFFECTIVE STRESS FIELD METHOD

- simulation of the non-periodical multiple cracks and inclusion
problems.
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COFEMvsBEM )

Integral equations Differential equations
+ +
Boundary element method Finite element method

Discretization of the 2D domain. « Discretization of the 3D domain.
Effective modelling of the imperfect
boundary conditions.

Regularization of the singular and Nonlinear problem
hypersingular integrals. :
Easy numerical procedures and

Linear problem only. o :
P y large finite element library

— @ Microanalysis of particulate and fiber-reinforced composi

// Topological shapes of the inclusion

o MR
: N
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— @ Microanalysis of particulate and fiber-reinforced composi \

° Integral representation of displacements in the inclusion

ul ()= [JUL (x8)t, (@) s, - [T (x2)u! (9)ds,.  xeQ. i-12.3

£ ° Integral representation of displacements in the matrix

UM (x) :ISIU"M (x.&)tY (g)ds, —jszijM (x.&)u" (8)ds,, XeQ,,,

y L8 -g) |
Uij( .%) 162 G(l )|:(3 }|X §| |X §| :l i,j=13

[(1—zv)ai,- +3(’“f’(€|'§)Jz(xk —50n (&) ~(-29)( (6 =&)m, €)~(%, - )n &)
(x2) -

872'(1—1/)|X—§|3

— @ Microanalysis of particulate and fiber-reinforced composi \

° Integral representation of stresses in the inclusion
g 3

oj (X):l_lv Dj (x,8)t, (€)d S, ——Z[js,,k(x £)u, (8)dS,,xeQ,,i=123

I k=1'g
“' Integral representation of stresses in the matrix
M

(x) = 1VM ki;HD,j‘{(x Ot (E)d S, + o zjjs,,k(x,g)uk(g)dsé,XGQM,

Dy (X&) =— (1-2v) (- ‘f-) +(Xl_5l)5 (% — -fk)ﬁ +3 L6 =8) (% =&) (% -&)
i (X0 8z |x g [x—¢| [x—g| [x—¢g| —gf B
S x=s ol -g)-g)], Ik
Sy (x.8) = pyo— { ] ——n (ﬁ)[(l 2V)6‘ §| [ [ +8, |x §|) |’l‘ él‘ ]
st[vni (:)(x;—él(;;—ék)wnj (é)(&—i;)_(;rz—ék) (1-2v)n, (g)%(éllgi)].y(l—zv)[s‘.k 0, (8)+ 8,1, (8)]-(1-4v), n, (;)}
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Perfect contact

W ()= ()=u() B (x)=-PP(x)=P, (x) j-13 xes

Tnin inisronzss lzyer
Au()=u(x)-u(x) PO (x)=-P¥(x)=P (x) X€S
P, (x)=f Au, (x) £ 2G, g=&
p-oau( e T

Sliding) contact

t (x) =t (x) =t, (x) tE g HRUGI=0
ul? (x)=ul? (x) =u, (x) ¥ (x)=t? (x)=0

Boundary properties of potentials
fim [T} (xm)uj (n)d S, ==u! (x)+ [T, (x m)u} (m)dS,

XeQ
fim [ (o (), =3
il [T (o

1o
_Eul

First step of regularization

N
N
N

Perfect contact

ST @-ueas-Tu oy @Ees =0
m (x)-g jszif‘ (x&)[u; (&)-u, (x)]d.5 + ,231: jsjugf (xE)t, (2)dS, =t (x)

AT S
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ST (x8)[ul (2)-u! (x)]dS —iﬂui; (x&)t, (£)dS, =0,

u;(x)_ijﬁ (xE)[ul (&) -u! (x)]¢, S+ZHU-J Ot (E)dS,+  hi=13
+ZR,(x)t (©)- ZII R; (x,8)t; (8)dS; =g (x)
R; (x)=g5; +(f g)nn +(g+(f g)n? _UT (x.8)dS, +(f g)Zn nk_[jT (x.g)ds,

Ry (x.&)=(g+(f-g)n})T" (xé)+(f g)Znnk ¢ (x.8) /
g[gn;(x.a)[uz<a>—u:(x>]dsg—fsfui;(x,a)tj(a)dsg]=o i j-13

uj (X)+1 (x)Au, (x)+7; (X) Au, (x)—_l;_l'Tij“" (x,E_,)[u'j (&)—u (x)]ds‘g +[rj (x)Au, (x)+1; (x)Au, (x)]x
XISI T (x.8)ds, - ISI Ty (x8)[1; (8)Au, (8)+; (8)Au, (5)Jas, + Isf Uy (x.8)n; (8)t, (8)dS; = ug (x)

/

— @Boundary element formulation

Xiqls =zxiqun(§1'§2)

0
~J
\S)
)
";U\

'-'iq(é)L'1 (ng M7 (4.&)

t (@), =§nq,2n_1M"(¢1.¢z)

£
I
L
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— @ Regular integration

X, =+0,57735 02691 89626

& w=1

kq

2

[[Te (., (m)ds, :HT (@), (n(2)3 (2)05,02, = 33T (580, (n(320)) 3 (880) =

Sﬂ

=22‘,ZT£ [Xlk'xzk'xakY:;X]‘qun(gl ,ém),gxzqu"(ﬁ. vﬁm)rgx%N"(é. ,im))[guiq,ZS.iMs(ﬁ. vém):|‘]q(€l;§m)=

1=1 m=1

2 2 8 8 8
=iy, 33T (xlk,xzk,xsk,lelqu"(a. ) 22N (51050). 203N (& ,&m)qu(é.;am)Ml(&. En)+

=1 m=1

2 2 8 8 8
LU DN (nk.xzk,xsk,zlmnw(é. ) 22N (5150). 2R3N (& ,ém)qu(é.;am)Mz(&. )+

+uiq,5Z§Ti} (ﬂk,X2k-X3k,ZIX1mN"(§. .fim),Z;XZQHN"(E» ,im)vZX3qu"(§. ,im)JJq(i.;ém)Ms(il &)+

+uiq,7§Z;,Ti} (&,XZKIX%,Z}XMN"(&. ,ﬁm),ZIZXZ.mN"(i. -im)yZEXZ”qu"(i. ,im)JJq(i.;ém)M“(iu &n)

— (D Regularization of a weakly singularintegﬂ—\

& =217+ T 0-7) Lo n)+ (L) (L)

S 1 L 1 1 L 1 1 . g
&, = E( _Y1)+Z( _'Yz)( +71)_Z( +72)( +'Y1) 5 5

. 88, 08, OF, OF 1 ! 3 ! !
K (vy:7,)=2092 95195 _ 2,

( ! 2) 0y, 0v, 0, 01, 2( 1)
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e NN

JJT Xu)u; (n)d'S, = HT *m(8))y; (n(2)) 3, (8) daldafﬁT (xwm(2))y, (ﬂ(i))Jq(i)diadinrHT (xwn(®))y; (n(2))3, (8)de, de, =

— @ Singular integration

)
:jj;,( () (€ 1) 2 &) =5 e m i r, 7, (" () (&7 00) 20 (& ()5 )t o, -
=—%IZIZT,( (& (n57w))us ((E (n570))) 3a (& (7 )(1+v.)"ZZT (% (& (rira)))us (n(E” (rai7m))) 30 (7 (11570) ) (@470 =
*%ggﬂ[ﬂn X200, X3y, Z’“«: N" (& (157m): ixzq N"(8 (1i7m) )ZX3 N" (€ (1i7m) ))[quz M (E (i }Jq & (1i7n)) @) -
333 J(xl.u X SN (& (1110)). 2N (€ (110)) 0N (€ (17 )J[quz M (& (i }Jn(ﬁ 1i7n)) 0+, =

|
£
5
|
Nl=
LM
,MN

T,(x:m X245, X35 Zxx, N"(& (V137 )sz N"(& (v1:7m))- sz N" (& (v, vm))j HE (157m)) 3q (8 (vi57m)) (@) -

*%;ZZZT,(X% X245 X35 ZXL, N (&7 (157n)), Zx2 N (&7 (137n)): Zﬂllx3q N"(&7(n: vm)))Ml(é“(v.;vm))Jq(é (V137m) )(1+v.)}+
b5, (000 SN 7)) B2 (€ ) S0 € 1 70) M8 (370 24 7)) )

ZiTJ[Xl\u X245, X33, ij-q N" ( YI Vm ) Zi:xzq N" ({5 (Y| Vm )ZBI:XBq N" ( yl ym))JMz(i"(yl Ym ) (E, (YI 'Ym) (1+Y| ]

2|1m1

b33 (2 0 SN 1 70)) BN (€ (15720 SN (€ (15700 M (i) 4 i) )

)
1=1 m=1 )
,E;;Tl(ﬂm X245, X33, Z’an N" ( (137m) ) Z::xzq N" ( (13Vm) ) Z:x3q N" (E, (¢ ym))J (Ej, (13 Ym ) ( (n: ym))(ler, :|

) )

+UJq7[—*ZZT [le X245, X35, ZXL, N" (& (7137n) )iXZQ N" (& (7137m))s iX% N (& (115 vm))J (& (17m)) 30 (8 (n37m)) @+ ) -

2930
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AT, (M K SN (€ (17), SN ), SN 7)) M ) 2 € ) 00|

1=1 m=1

@ Numerical results: fiber reinforced “ \

‘composites (perfect contact)

o =o' =const x,

G,/G, =100 On /Go
0 1 4
01 __\
02 - 3 \
__./m
-0.3 4 1
04 /
H -0.5 T T
000 015 030 045 060 075 X,/R
61:/5,
X, 35 |/ L
3
25 llgi |
2
H/R=1 — xpusal H/R=15 — xpusa 3 5
H/R=13 — xpusa 2 H/R=2 - wxpusa 4 000 0,15 0,30 045 060 075 0,90 X, /R
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thin interphase layer)
G, =13ITla v, =022 v,=0,3
G =307Tla Vi =035 h=|3|-°13
Inclusions atrix
6(323)/ Gy 0'513)/ Gy
1.8 el 1.8
1.6 1.6 4
14 L 14 \
\
1.2 - 1.2 4
11 '
0.8 4 0.8 -
06 | 0.6 |
0.4 1 0.4
02 | 02 |
0 o+—+—+++ 4+t
00 01 02 03 04 05 06 07x,/R 412 13 14 15 16 1.7 18 1.9 x, /R
BEES oo -0 G/6en NS

. Numerical results: fiber reinforc&\

~composites (thin interphase layer)
G =13/Tla v,=022 v,=0,3 H_.
G,=3077la ¥2=035 h=001R R

Inclusion Matrix

w A O N @
L L L L L | 7 =
// $ <
= N W A OO N © ©
L L L L L

0
0 04081216 2 24283236 4 x/R 52 58 64 7.0 76 82 88 94 x/R

BNEES c./c-10 G/G=2
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Y Numerical results: fibe \

composites (sliding and perfect contact)

H/R=2 G,/G =10

-1,2
H/R=2 G,/G,=100 =
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0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 Xl/ R

% -0,95
-1

-1,05

li

-1,1
-1,15

12 =
-1,25

y
- |H ©3/0%

-1,15

1,25 fmpm et

G33/00 =

-9

Effective elastic moduli: ' \

composites (sliding and perfect contact)

S
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- ® Inclusion- crack i ion; N\

problem statement
JRESEEERERERERER

Cov ¥V V¥V ¥V ¥ VY vV Vv vy

Superposition principle

XeQy,,

(=3[0 (80, @)as, ofi (=13 ffa @)K, (),

Vv

e % (1 0, 308 o (e O =) (s s, 3K j
e g T e ] e vrurs v U e v
Ky (x8)= 2t Dim(E) G (x.) I PR Ty e

g g gl
Bjim = Quijm + Qijm + Qiijm
by (x.8) =3(Xm —(1—53m)5m){5m| (Xj —(1_531 )5j)+51] [quim (% —§1)+‘11'ij (%, _52)+qsij X3:|+
+65; EZinn(Xz = &)+ 0 (% — &)+ O xa]+5aj [z%im X5+ Ogij (% =& ) + 035 (%, —51)]}—
=3Qyjm (% —51)2 =3Qm (% —52)2 —3Quin %5 —3Qjn (% = &) (%2 =& ) —3Qim (X2 — &) % —3Qjn (1 — &) %
"ﬁjm(xxé)=15(xm —(1_53m)§m)(xj —(1—5:”)':1 ){fhjm()&—é)z +q21-,,,(x2 —52)2 +03jm X5 +Ofjm (—=&)(%—&)+

B (% _52)X3+Q;jm(xl—51)xg}
AT
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— @ Boundary condition: perfect co \

Global coordinate system transformation

! (x)], —u (x),

3
on (X)), == (x|, y, =e d+D 0. X

~

Surface of
crack

Surface of
inclusion

)

X =¢d +Zqis Ys

G,‘,(X)L **f—"y’y'j;(x)‘: s=1

Local coordinate system
transformation

— (O Boundary integral equation: perfec \

Inclusion
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— @ Boundary condition: sliding co N

Global coordinate system transformation

\l* .
y =€ d+ > 0 X

-

'

Surface of

Surface of
inclusion

Local coordinate system
transformation

— (O Boundary integral equation: sliding \

Inclusion

13
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_@B“\

outside singular element 3

oundary element formulation for crack

P N 8
inside singular element aiq (“:S)Lq _ ;ai(ngN n (51 , 52)

Xiqls.1 =nz=1:Xaqu" (61,52)

-9

¥(x$)=

_
g,
L), H L(n(£))
3 3(77)dqsq= 2 p 2,33(77(5))-](](5)(151(152:
Q [x= Lg(("i_ﬂl(‘f)) +(X2_772(§)) )3/
=Mﬁﬁ§(é)dédfz = (K& ()18 () + L& (x)) 2 (0)+ (K (x) + |;g,(x))gﬂ;1 (0)+

+(Ks (x)+ |gl(x))g—§(o)+ %Kgo(x)azﬁ;' (0)+ 1 K8 (x)

/

Regularization of a hypersingular integ :
(inside singular element)

B, 0°B; Y(x,& L.
og 05 o7 O Egg))“ Alc)iads

0& 2
8 2 8 272
(xm—;x,.mw(:,.:z)) +(x,q.—§xz.,nw"(¢,.5z))

52+§z ﬂ;(f):ﬂa[ime"(é,é)) L(EXWN"(Q,Q)JJ‘,(Q,Q)

AT S
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@ Regularization of a hypersingular integrals: Q \

(outside singular element)

L), b 1 ()
3/73 729 = 2 2 M3 5 ‘]q 4 dédfz: 2 2 Bs (§)d§1d‘§2
e AT A e

= (K800 +15,00) 4 0+ K5 () L0+ k(0L 0)+ [[ T ()05 0

7 (g2+&)"
(xlql—gx,qu“(é-é)]Z +[xm—“2i:,me"(¢,.¢z))z

.
(%)~ ] B~ A Sk (8 | L (S (6.8 21 (5.2)

&

A

Numerical results i \

=2,05 —

=23 ——

Tl xo|a pej =3
]
N
[N
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30

60 90 120 150 180 210 240 270 300 330

|

=2,06 ——

0,8

0,7

0,6

0,5

04

E———— ¢

p Numerical results \
‘la- —~

G, H L a
$:210 S=3 —-=25 ==1
e 0 = =

V2

.
—
\ /
30 60 90 120 150 180 210 240 270 300 330 ¢
AT T
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D

— (D Subcase: crack inside of the inclusion

yd
N

N

37z/2

T

/2

o

ARRRRRARANY

0,1R

a=

,8R

=0

=10 d

c;B/c;M

H/R=2

— @Special case: crack in the limited body
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— @ Numerical results o §—\

1=1n l,=70cm
b=20cm h=30cu
Yr =10en  ,—0,27
Kic =31,0MIa[x
(1—v)(k12 +k§)+ k2 <(1-v)KE&

P<\/EK|C bh?

“Va 24 2
1 h

\/lg Y$+(2,V)2(5_VT]( +

P.,kH ~

3000 -
2700 -
2400 -
2100 H

ool (") without a crack
1200 -
900 + Analytical solution
300 -
0 ‘ Boundary element method

a= '\ 05 07 10 15 20 J

- @Thin-walled inclusion- crack interac \

)
ANN\N

G ——) =
. O (%)), o =0 =123
Crac ui (x)—ut (x
()= BB g

X0 €S,
Yoo =N (%) i (%], g = i (%), .
inclusion 21+, fae (%) B B (%) .
O'uk(xk)l,,esk =4”kaw al3k(xk)|xkesk =47G, h:((xk) L—lz

AT S
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— (O Boundary integral equation \\

o(x)=0°()+ a7 ()+ 3, ot ()

k=N+1

7

N 3

> Ia (&) Kiom (&%) S, +kZN:1IZi:£jﬂk(§)K,m(§ Xen)d S, =1—"N,...(xm.“) j=13 m=LN X €S,

n=l i=1 g,
3

: Gy 2(1+Vi) fon (%) | S5
;gam(é)Knnm(f-xnm)d85*4”(1* G 1-2v hm(xm) +k;1;£;[ﬂlk(§)}<l3km(§ ka)dS— Nam(xmm)

m=N+LK+N Xen € Sy

330t (6) Ky (250 ) 0, (1) G Rl B 5[], (6)Ke (6%)45, =25 N (50

j=12 m=N+LK+N Xem € Spy Yy,

Mz

it
L

2 2 2
Xikn = e1kn CIkn + zlskn Xsnn X2kn = e2kn dkn + Z r.nskn Xsn X3kn = e3kn dkn + Z nskn Xsn
s=1

s=1 s=1

— @Numerical results: thin-walled inclusion- cw—\

Matrix G=7-10"MPa v=0,3
Inclusion G=7-100MPa v=03 a=10 ph=5 &=0,04 K
Crack c=1 K, =k—i
X 1 k1(¢)=_2”ﬁi73(¢)
- é% A y3 1-v
Ko p \ F Vs
1.8 4 | k.=2p,—=
] 5 N
1.6 S
15 A y
p 1
14 Xi
1.3
1.2
11
1
0.9
d=15 d=13 d =124
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— @Numerical results: thin-walled inclusion- CM

Matrix G=7-10° MPa v=0,3
Inclusion G=7-102MPa v=0,3 a=10 p=5 £=0,04

Crack c=1 Y3

*

2.8 |
2.6 |
2.4 1 038
22

18
16 . 0.65
1.2 0

.55
0.5
o1

— OEffective stress field M\




13th Summer School on Fracture Mechanics

I

Sm

1+v 3V X2mm §2) ] 3V(lem _51)(X2nn_§2) :|
O, § + Oom 5 ds = Xim )=
{Ixmm - Pl ) o =1 © PRI

Dl K € 50)]65 - 5 S (K (0)]68 -G 52 S0 (vE)R (£)95,
3 S st e (),

J=N+K+1 i=1 Sgj

3V(X1mm 51 XZrnm é:z) [ 1+v SV(lem_gl)z} = V
é: + - 2m é: ds S m)
J[ T e T s
‘nz:;;jj[ 0 (&) Kig (&, Xnm d S- z ZH[ﬂk Kigkn (&1 ka) d S___ NZ}:( 121: IDza (v.€)R dsj.§+
¢ 3 YISk (v (£)es,

H%J%d%igmdmriighbf3mém}ﬁ ZZMVk i (£:%n)]0:5 -

l N+K+M 3 ] N;K+‘I:/I 8] m
_EH;( 1;‘SUDssi(y SR (£)ds,, Jj:g}:mzl:sjssa (v.$)u (£)ds,

— (D Modification of the boundary integra i \

RRRRRL

= G
22
X X2
0.8 +
0
0.7

2 21 22 23 24 25 26 27 28 29 3

R \
X Z X2 41

31 X5

S

M“‘ 1\11 B v v e e e everevas

DA

— @ Comparison of effective stress method with the exact soltution h \
P

21
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— (D Refinement method effective stress \

Scheme of refinement method

effective stress field

Xa1

Hlx"llll LI 1% "o oaceas 3 12 14 15 15 3 22 24 26 25 3

— @ Numerical results: method effective stress field \

RN AR RRRRR AR
/C(rp):(l—v)(kf+k22)+k§

__Clo)
cO=)e

k1=2p0\/§

LEEELEEEEREEEEEEEEEEEEE L T

Clo)T

0 /2 z 37/2 ¢
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Thank You!
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